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QUOTIENTS OF MGL, THEIR SLICES AND THEIR 
GEOMETRIC PARTS 

MARC LEVINE AND GIRJA SHANKER TRIPATHI 


Abstract. Let xi , X2 ,... be a system of homogeneous polynomial generators 
for the Lazard ring L* = MU^* and let MGLs denote Voevodsky’s alge¬ 
braic cobordism spectrum in the motivic stable homotopy category over a 
base-scheme S |Vo98| . Take S essentially smooth over a field k. Relying on 
the Hopkins-Morel-Hoyois isomorphism |Hoy| of the 0th slice sqMGLs for 
Voevodsky’s slice tower with MGLs/{xi,X 2 , ■ ■ ■) (after inverting the char¬ 
acteristic of /c), Spitzweck computes the remaining slices of MGLs as 

SnMGLs = SJLfZ (g) (again, after inverting the characteristic of k). 

We apply Spitzweck’s method to compute the slices of a quotient spectrum 
MGLs/{{xi : i G /}) for I an arbitrary subset of N, as well as the mod p 
version MGLs/{{p^Xi : i G /}) and localizations with respect to a system 
of homogeneous elements in ■ j ^ I}]■ In case S = Speck, k a field of 

characteristic zero, we apply this to show that for S a localization of a quotient 
of MGL as above, there is a natural isomorphism for the theory with support 

n,{X) £-2*-*(fc) -j. 

for X a closed subscheme of a smooth quasi-projective /c-scheme M, m = 
dimfc M. 
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Introduction 

This paper has a two-fold purpose. We consider Voevodsky’s slice tower on the 
motivic stable homotopy category S'H{S) over a base-scheme S [VoOOj . For £ in 
STL{S), we have the nth layer in the slice tower for £. Let MGL denote 
Voevodsky’s algebraic cobordism spectrum in S'H{S) |Vo98| and let X\,X 2 ^... be 
a system of homogeneous polynomial generators for the Lazard ring L*. Via the 
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classifying map for the formal group law for MGL, we may consider Xi as an 
element of and thereby as a map Xi : T^'-'^MGL MGL, giving the 

quotient MGL/{xi,X 2 , • ■ Spitzweck [SlOj shows how to build on the Hopkins- 
Morel-Hoyois isomorphism 

MGLI(xi,X2,...) = sqMGL 

to compute all the slices SnMGL of MGL. Our first goal here is to extend 
Spitzweck’s method to handle quotients of MGL by a subset of {xi,X 2 ,...}, as 
well as localizations with respect to a system of homogeneous elements in the ring 
generated by the remaining variables; we also consider quotients of such spectra 
by an integer. Some of these spectra are Landweber exact, and the slices are thus 
computable by the results of Spitzweck on the slices of Landweber exact spectra 
EE], but many of these, such as the truncated Brown-Peterson spectra or Morava 
i^T-theory, are not. 

The second goal is to extend results of [DL141IL091 IL15] . which consider the 
“geometric part” X ^ of the bi-graded cohomology defined by an oriented 

weak commutative ring T-spectrum £ and raise the question: is the classifying map 

£*{k) 0L- Ll* ^£* 

an isomorphism of oriented cohomology theories, that is, is the theory £* a theory 
of rational type in the sense of Vishik [Vil2] ? Starting with the case £ = MGL, 
discussed in 1LQ9], which immediately yields the Landweber exact case, we have 
answered this affirmatively for “slice effective” algebraic A"-theory in |DL14] . and 
extended to the case of slice-effective covers of a Landweber exact theory in [L15) . 
In this paper, we use our computation of the slices of a quotient of MGL to show 
that the classifying map is an isomorphism for the quotients and localizations of 
MGL described above. 

The paper is organized as follows: in §1] and we axiomatize Spitzweck’s 
method from |S10] to a more general setting. In SjTjwe give a description of quotients 
in a suitable symmetric monoidal model category in terms of a certain homotopy 
colimit. In !]2]we begin by recalling some basic facts and the slice tower and its 
construction. We then apply the results of SJT] to the category of 72.-modules in a 
symmetric monoidal model category (with some additional technical assumptions), 
developing a method for computing the slices of an 7?.-module A4, assuming that TZ 
and M are effective and that the 0th slice sqM is of the form M/[{xi : i € /}) for 
some collection {[xi] € < 0} of elements in 7?.-cohomology of the 

base-scheme S; see theorem 12.31 We also discuss localizations of such 7?.-modules 
and the modp case lcorollarv l2.4l and corollarv l2.5ll . We discuss the associated slice 
spectral sequence for such A4 and its convergence properties in and apply these 
results to our examples of interest: truncated Brown-Peterson spectra, Morava K- 
theory and connective Morava AT-theory, as well as the Landweber exact examples, 
the Brown-Peterson spectra BP and the Johnson-Wilson spectra E{n), in i]4l 

The remainder of the paper discusses the classifying map from algebraic cobor- 
dism n* and proves our results on the rationality of certain theories. This is es¬ 
sentially taken from |L15] . but we need to deal with a technical problem, namely, 
that it is not at present clear if the theories [MGL/{{xi : i G /})]^*’* have a multi¬ 
plicative structure. For this reason, we extend the setting used in [LI5) to theories 
that are modules over ring-valued theories. This extension is taken up in |]5] and 
we apply this theory to quotients and localizations of MGL in |]6l 
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1. Quotients and homotopy colimits in a model category 

In this section we consider certain quotients in a model category and give a 
description of these quotients as a homotopy colimit (see proposition [T^. This is 
an abstraction of the methods developed in [SlOj for computing the slices of MGL. 

Let (C, (8>, 1) be a closed symmetric monoidal simplicial pointed model category 
with cofibrant unit 1. We assume that 1 admits a fibrant replacement a : 1 —>■ 1 
such that 1 is a 1-algebra in C, that is, there is an associative multiplication map 

: 1(8)1 —>■ 1 such that /iio(Q!8id) and /xio(id(8Q!) are the respective multiplication 
isomorphisms 181^1, l8l—>-1. 

For a cofibrant object T in C, the map T = T 8 1 T 8 1 is a cofibration 

and weak equivalence. Indeed, the functor T 8 (—) preserves colibrations, and also 
maps that are both a cofibration and a weak equivalence, whence the assertion. 

Remark 1.1. We will be applying the results of this section to the following situa¬ 
tion: is a cofibrantly generated symmetric monoidal simplicial model category 

satisfying the monoid axiom [ScShI definition 3.3], TZ is a commutative monoid in 
M., cofibrant in M and C is the category of 7^-modules in C, with model structure 
as in [ScShl §4], that is, a map is a fibration or a weak equivalence in C if and only 
if it is so as a map in Al, and cohbrations are determined by the LLP with respect 
to acyclic hbrations. By |ScSh[ theorem 4.1(3)], the category TZ-Mg of monoids in 
C has the structure of a cofibrantly generated model category, with hbrations and 
weak equivalence those maps which become a hbration or weak equivalence in A4, 
and each cohbration in 7^-Alg is a cohbration in C. The unit 1 is C is just TZ and 
we may take a : 1 1 to be a hbrant replacement in 72.-Alg. 

Let {xi : Ti —>■ 1 j z G /} be a set of maps with cohbrant sources T^. We assign 
each Ti an integer degree di> Q. 

Let l/(xi) be the homotopy cohber (i.e., mapping cone) of the map Xi : l8Ti —>■ 
1 and let pi : 1 -A \/(xi) be the canonical map. 

Let A = {zi,..., Zfc} be a hnite subset of / and dehne l/({a:i : z G A}) as 

l/({xi : z G A}) := l/(xij 8 ... 8 

Of course, the object l/{{xi : i G A}) depends on a choice of ordering of the 
elements in A, but only up to a canonical symmetry isomorphism. We could for 
example hx the particular choice by hxing a total order on A and taking the product 
in the proper order.The canonical maps pz, z G / composed with the map 1 —> 1 
give rise to the canonical map 

Pi : Ill{{xi : i G A}) 

dehned as the composition 

I ^ ^ 

For hnite subsets A C B C I, dehne the map 

PACE ■ : i G A}) l/({a:i : z G B]) 

as the composition 

1 /{{xi : i G A}) - —S’ 1 /{{xi : i G A}) 8 1 

- 1 /{{xi : i G A}) 8 l/({a:i : i € B\ A}) = l/({xi : z G B}). 
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where the last isomorphism is again the symmetry isomorphism. 

Because C is a symmetric monoidal category with unit 1, we have a well-defined 
functor from the category 7^fin(.f) of finite subsets of / to C: 

l/(-) : ^ c 

sending A C I to l/{{xi : i G A}) and sending each inclusion A <Z B to pa<zb- 
Definition 1.2. The object l/{{xi : i G /}) of C is defined by 
l/({xi}) = hocolim l/({xi : i G A}). 

AePfi„(/) 

More generally, for M G C, we define M/{{xi : i G /}) as 

M/{{xi : i £ I}) := l/({a;i : i £ I}) <S> QM, 

where QAI —M is a cofibrant replacement for M. In case the index set I is 
understood, we often write these simply as \/{{xi}) or M/{{xi}). 

Remark 1.3. 1. The object '^/{xi) is cofibrant and hence the objects \/{{xi : i £ 
A}) are cofibrant for all finite sets A. As a pointwise cofibrant diagram has cofibrant 
homotopy colimit |Hir031 corollary 14.8.1, example 18.3.6, corollary 18.4.3], l/{{xi : 
i £ /}) is cofibrant. Thus M/{{xi : i £ /}) := l/{{xi : i £ /}) 0 QM is also 
cofibrant. 

2. We often select a single cofibrant object T and take Ti := for certain 

integers di > Q. As T is cofibrant, so is In this case we set degT = 1, 

degT^^' = di. 

We let [n] denote the set {0,..., n} with the standard order and A the category 
with objects [n], n = 0,1,..., and morphisms the order-preserving maps of sets. 
For a small category A and a functor F : A —>■ C, we let hocoliinyi F* denote the 
standard simplicial object of C whose geometric realization is hocolimyi F, that is 

hocolim F„ = II ^^(^(0))- 

(T:[n]—¥A 

Lemma 1.4. Let {xi : —> 1 : z G Ii}, {xi \ R ^ 1 : i £ I 2 } be two sets of maps 

in C, with cofibrant sources Ti. Then there is a canonical isomorphism 

1/ {{xi : i G /i If I 2 )) = 1/ {{xi : i G /i}) 0 '^./{{xi : i £ h})- 

Proof. The category 'Pfin(di n/ 2 ) is clearly equal to 'Pfin(.fi) x Vfinih)- For functors 
Fi : Ai ^ C, i = 1,2, [hocolim^jxA 2 -Fi 0 F 2 ]* is the diagonal simplicial space 
associated to the bisimplicial space {n,m) 1 —>■ [hocolim_ 4 ,^ Fi]„ 0 [hocolim _42 F 2 ]m- 
Thus 

hocolim Fi 0 F 2 = hocolimjhocolimFi] 0 F 2 . 

-4.iX.A2 -42 -4i 

This gives us the isomorphism 
l/({x, :zG/in/2}) 

= hocolim l/d^i : z G Ai}) 0 l/d^i : i G A 2 }) 

(Ai,A2)ePfin(/l)X-Pfi„(/2) 

= hocolim l/dcci : z G Ai}) 0 hocolim \/({xt ■. i £ A 2 }) 

Ai GT^finC-^l) ^2€'Pfin(-^2) 

= l/({xi : i £ Ii}) 0 l/{{xi : i £ I 2 }) 


□ 




QUOTIENTS OF MGL, THEIR SLICES AND THEIR GEOMETRIC PARTS 


5 


Remark 1.5. Via this lemma, we have the isomorphism for all M & C, 


M/{{x^ :ieli 11 / 2 }) = {M/{{xi : i e Ii})/{{xi : i € h})- 


Let I be the category of formal monomials in {xi}, that is, the category of 
maps IV : J —>■ N, i i-A IVi, such that Ni = 0 for all but finitely many i € I, and 
with a unique map N ^ M ii Ni > Mi for all i € I. As usual, the monomial 
in the Xi corresponding to a given N is Hie/ xf', written x^. The index N = 0, 
corresponding to = 1, is the final object of X. 

Take an i £ /. For m > k >0 integers, define the map 

as the composition 

1 (8) = 10 0 2^0fc _ ^ ^ ^0m-fc+l ^ JI0/C ^ ^ 

In case fc = 0, we use 1 instead of I0l for the target; we define xx° to be the identity 
map. The associativity of the maps /ii shows that xx^~^ oxx^~'^ = hence 

the maps xa;" all commute with each other. 

Now suppose we have a monomial in the Xi] to simplify the notation, we write 
the indices occurring in the monomial as {1,..., r} rather than {ii,..., A}- This 
gives us the monomial x^ := x^^ •■ x^’’. Define 

:= 1 0 Xf 0 ... 0 1 0 X®^’- 0 1; 

in case Ni = 0, we replace ... 0101010Xj®^"''^ 0... with ... 010Xj®^’+^ 0..., 
and we set X° := 1. 

Let V —>■ M be a map in X, that is Ni > Mi > 0 for all i. We again write the 
relevant index set as {1,..., r}. Define the map 

X^A-M . rj.N J.M 


as the composition 


rpN 

^ * 





'0Mi 


I ^0Afr01 k'M ^ , 


the map /tm is a composition of 0-product of multiplication maps : 101^1, 
with these occurring in those spots with Mj = 0. In case Ni = Mi = 0, we simply 
delete the term xx^ from the expression. 

The fact that the maps pi satisfy associativity yields the relation 


xx^-^ O xx^-^ 


XX 


N-K 


and thus the maps xx^ ^ all commute with each other. 

Defining 'Dx{N) := and ^^{N M) = xx^~^ gives us the X-diagram 


We consider the following full subcategories of X. For a monomial M let I>m 
denote the subcategory of monomials which are divisible by M, and for a positive 
integer n, recalling that we have assigned each Ti a positive integral degree di, 
let Xdeg>n denote the subcategory of monomials of degree at least n, where the 
degree of N := {Ni ,..., Nk) is Nidi -I- • ■ • -I- N^dk- One defines similarly the full 
subcategories X>M and Xdeg>n- 

Let X° be the full subcategory of X of monomials N ^ 0 and C X° be the full 
subcategory of monomials N for which < 1 for all i. We have the corresponding 
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subdiagrams Vx '■ T° ^ C and Vx : I<i C oi Vx- For J C / a subset, we 
have the corresponding full subcategories J <Z X, J° <Z T° and C and 
corresponding subdiagrams T>x- If the collection of maps Xi is understood, we write 
simply T> for T>x- 

Let F : A ^ C he a functor, a an object in C, Ca ■ A ^ C the constant functor 
with value a and ip : F ^ Ca a natural transformation. Then ip induces a canonical 
map ip : hocolimA F ^ ainC. As in the proof of |S10I Proposition 4.3], let C{A) be 
the category A with a final object * adjoined and C{F,ip) : C{A) C the functor 
with value a on *, with restriction to A being F and which sends the unique map 
y ^ * in C{A), y € A, to p{y). Let [0,1] be the category with objects 0,1 and 
a unique non-identity morphism, 0^-1 and let C(A)^ be the full subcategory of 
C{A) X [0,1] formed by removing the object * x 1. We extend C{F, ip) to a functor 
C(F, : C[A)^ ^ C by C{F, ip)^ [y x 1) = pt, where pt is the initial/final object 
in C. 

Lemma 1.6. There is a natural isomorphism in C 

hocolimC'(F", ip)^ = hocofib((^ : hocolimF ^ a). 

Proof. For a category A we let Af{A) denote the simplicial nerve of A. We have an 
isomorphism of simplicial sets J\f{C{A)) = Cone(A/’(A), *), where Cone(A/’(A), *) is 
the cone over Af{A) with vertex *. Similarly, the full subcategory A x [0,1] of C{A)^ 
has nerve isomorphic to M{A) x A[l]. This gives an isomorphism of A/’(C'(A)^) with 
the push-out in the diagram 

M{A)^ -^ Cone(A/’(A), *) 

idX(5o 

N{A) X A[l] 

This in turn gives an isomorphism of the simplicial object hocolimcj-^^r C{F,ip)^ 
with the pushout in the diagram 

hocolimyi F’i -^ C(hocolim .4 F, a) 


(^(hocolim^ F, pt). 

This gives the desired isomorphism. □ 

Lemma 1.7. Let J C K G I be finite subsets of I. Then the map 

hocolimHa, —>■ hocolimHa, 

7° K'° 

^<1 '^<1 

induced by the inclusion J G K is a cofibration in C. 

Proof. We give the category of simplicial objects in C, the Reedy model 

structure, using the standard structure of a Reedy category on A°p. By |Hirn31 
theorem 19.7.2(1), definition 19.8.1(1)], it suffices to show that 

hocolimP* —>■ hocolimH* 

7° K'° 

e/<i 
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is a cofibration in that is, for each n, the map 

ifn : hocolim Ilin hocoiim t>. -b" hocolim P* -5> hocolim T>n 

'Cl, 

is a cofibration in C, where L" is the nth latching space. 

We note that 

hocolim = \J £>(cr(0)) 

<tGA7Q7-|,)„ 

where we view a G M{S<-i)n as a functor cr : [n] —> we have a similar 

description of hocolim^o ^ T>n- The latching space is 

L" hocolim= \J D(a(0)), 

where is the subset of consisting of those a which contain an 

identity morphism; i”hocolim^o^ T>^ has a similar description. The maps 

L" hocolim —>■ hocolim L" hocolim —>■ L" hocolim T**, 

7-0 7-0 'TO y-o 

'-'<1 '-^<1 '-'<1 ^<1 

L" hocolim 'D^, hocolim X>„, hocolim !)„ —>■ hocolim 

VO -70 tro 

'^<1 '^<1 o'<i '^<1 

are the unions of identity maps on D(a(0)) over the respective inclusions of the 
index sets. As H A/’(J’< , we have 

hocolim Vn IIl" hocolim .,0 V, A” hocolim P* = hocolim W C, 

7-0 * jP"o 7-0 V 

^ <1 - ^<1 ‘-^<1 

where 

C= V i?(a(0)), 

and the map to hocolim^o ^ T>n is the evident inclusion. As D{N) is cofibrant for 
all N, this map is clearly a cofibration, completing the proof. □ 

We have the n-cube the category associated to the partially ordered set of 
subsets of {!,..., n}, ordered under inclusion, and the punctured n-cube Dq of 
proper subsets. We have the two inclusion functors —?► *^(/) := 

I U {n}, i~{I) = I and the natural transformation ipn '■ in ^ it given as the 
collection of inclusions I C I U {n}. The functor i~ induces the functor i~Q : 

□ n-l ^ 

For a functor F : □” ^ C, we have the iterated homotopy cofiber, hocofib„F", 
defined inductively as the homotopy cofiber of hocofibr,_i(F('0„)) : hocofib(F o 
i~) —>■ hocofib(F o z+). Using this inductive construction, it is easy to define 
a natural isomorphism hocofib^A = hocolim^n+i F, where F o = F and 

F{I) = pt if n G I. 

The following result is proved in [SlOl Lemma 4.2 and Proposition 4.3]. 

Lemma 1.8. Assume that I is countable. Then there is a canonical isomorphism 
in HoC 

l/{{xi I i G /}) = hocofib[hocolim —>■ hocolim Ha,] 
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Proof. As 1 is the final object in I, the collection of maps xx^ : ^ 1 defines 

a weak equivalence tt : hocolimiPx — 1. In addition, for each N € X°, the 
comma category N/I° has initial object the map N ^ N, where iVi = 1 if TVi > 0, 
and Ni = 0 otherwise. Thus is homotopy right cofinal in X° (see e.g. |Hir031 
definition 19.6.1]). Since is a diagram of cofibrant objects in C, it follows from 
[Hir031 theorem 19.6.7] that the map hocolimio —>■ hocolimio is a weak 

equivalence. This reduces us to identifying \/{{xi}) with the homotopy cofiber of 
Tr'fi : hocolimx° X>x —>■ 1, where is the composition of tt with the natural map 
: hocolimxo Xx hocolimx Xx ■ 

Next, we reduce to the case of a finite set I. Take / = N. Let 'P/m(/) be the 
category of finite subsets of I, ordered by inclusion, consider the full subcategory 
'PfinW of 'Pfin{I) Consisting of the subsets In '■= {1,..., n} and let 1° <i C X<i 
be the full subcategory with all indices in In- As is cofinal in Vfinil), we 

have 

colim hocolim Xx = hocolim Xx ■ 

n X° 1°, 

n , <1 <1 

Take n < m. By lemma ITT tI the the map hocolimx° Xx hocolimx° Xx is 
a cofibration in C. Thus, using the Reedy model structure on with N considered 
as a direct category, the N-diagram in C, n i-A hocolimx” Xx, is a cofibrant object 
in C^. As N is a direct category, the fibrations in are the pointwise ones, hence 
N has pointwise constants [Hir031 definition 15.10.1] and therefore [Hir031 theorem 
19.9.1] the canonical map 

hocolim hocolim Xx colim hocolim Xx 

neN 1° nGN 1° 

is a weak equivalence in C. This gives us the weak equivalence in C 


hocolim hocolim Xx 


hocolim Xx ■ 


Since N is contractible, the canonical map hocolim^ 1 ^ 1 is a weak equivalence in 
C, giving us the weak equivalences 


hocofib[hocolimT> 2 ; 1] 

^<1 

~ hocofib [hocolim hocolim —>■ hocolim 1] 

neN 1° neN 

~ hocolim[hocofib[hocolim 1]]. 

neN 

Thus, we need only exhibit isomorphisms in HoC 

Pn ■ hocofib[hocolim—>■ 1] —..., x„) := I/{xi) 0 ... (8) l/(x„), 

^n,<l 

which are natural in n € N. 

By lemma [TTBl we have a natural isomorphism in C, 

hocofib[hocolim1] = hocolim C(Xx,'xY. 

^(1° 

However, X° is isomorphic to Dq by sending N = {Ni,..., Nn) to I{N) := 
{i\ Ni = 0}. Similarly, C{X° is isomorphic to and (7(1° is thus isomor¬ 
phic to From our discussion above, we see that hocolimc(x° C{Xx,n)^ 
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is isomorphic to hocofibnC'( 2 ?x, t), so we need only exhibit isomorphisms in HoC 
Pn ■■ hocofib„C'(2:>x,7r) ^ l/(xi) ® ... (g) l/{xn) 


which are natural in n S N. 

We do this inductively as follows. To include the index n in the notation, we 
write C{'DxjTT)n for the functor C{T>x,tt) C. For n = 1 , hocolibiC'(X>a;,7r)i 

is the mapping cone of o (xxi g)id) : 1 gTi g) 1 —^ 1, which is isomorphic in HoC 
to the homotopy cofiber of xxi : 1 g) Ti —>■ 1. As this latter is equal to l/{x\), 
so we take pi : hocofibiC(I>,j,7r)i —>• l/(a;i) to be this isomorphism. We note that 
C{Vx,TT)nOin = C{Vx,n)n-l and C{Vx,TT)n O i~ = C{Vx,T^)n-l 0 Tn g 1 . 

De&neC{Vx,Try^hYCiVx,Try^oi- = C'(T>a,,7r)„_i0l0r„gl, C'(T>,:c,7r)^oi+ = 
C{'DxT'x)n-i g 1, with the natural transformation C{T>x,'!T)y o given as 


C'(r>^, 7 r)„_i gigr„gi 


(id(g)^)o(id(2) X ainigiidi) 


Ci^xi '^)n—1 ^ 1- 


The evident multiplication maps give a weak equivalence CyDx,'^)'^^ C{T>x,'x)n, 

giving us the isomorphism in Ho C 


Pn : hocofib„C'(T>a:, 7r)„ 1 / (xi) g ... g 1/ {xn) 


defined as the composition 

hocoGbnC{'Dx,n)n = hocofib„C'(T>a;, 

= hocofib(hocofib„_i(C(X>a;,7r)„_i g 1 gT„) 

hocofib„_i(id®xa;„) ^ i 

-^ hocofib„_i(C(T>a;, 7 r)„_i g 1 )) 

= hocofib(hocofib„_i(C(T>a;, 7r)„_i) g 1 g T„ 
id0xa:n^ hocofib„_i(C(I>a;,7r)„_i) g 1 ) 

= hocohb„_i(C'(T>a;, 7r)„_i) g hocofib(xai„ : 1 g Tn 1 ) 
= hocofib„_i(C'(T>a:, 7r)„_i) g 1 / (xn) 

l/(xi) g . . . g l/(x„_i) g 1 / (Xn). 

Via the definition of hocofib„, 


hocofib„C(T>a:,7r)„ 


hocofib[hocofib„_i(C'(X>a,, T)n ° ) 


hocofib„i(C(I5a;,7r)„i(y’„)) 


> hocofib„(C'(T>a;,7r)„ oi+] 


and the identification C{'Dx,'^)n ° it, ~ C{T>xi'x)n-i, we have the canonical map 
hocohb„_i(C'(X>x,—)• hocofib„(C'( 2 ?a;,7r)„. One easily sees that the diagram 


hocofib[hocolimx° ^ Vx —>■ 1]-^ hocofib[hocolimio Vx 1] 


hocofib„_i (C'(2:>x, 7r)„_i) 

Pn — \ 

\/{xi) g ... g l/(x„_i) 




hocofib„(C'(T>a;,7r)„) 

Pn 

l/(xi) g . . . g l/{Xn) 


commutes in HoC, giving the desired naturality in n. 


□ 
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Now let M be an object in C, let QM M he a cofibrant replacement and form 
the I-diagram Vx 0 QM :I^C, (T>x 0 QM){N) = 'Dx{N) 0 QM. 

Proposition 1.9. Assume that I is countable. Let M be an object in C. Then 
there is a canonical isomorphism in HoC 

M/[{xi I i £ I}) = hocofib[hocolimPa; 0 QM —>■ hocolimHa; (g) QM] 

Proof. This follows directly from lemma [T8l noting the definition of M/{{xi \ i £ 
I}) as [l/{{xi I i £ /})] 0 QM and the canonical isomorphism 

hocofib[hocolimT>a; 0 QM hocolimHa; 0 QM] 

= hocofibjhocolimDa; —>■ hocolimHa;] 0 QM 

□ 

Proposition 1.10. Let T : Ideg>n C be a diagram in a cofibrantly generated 
model category C. Suppose for every monomial M of degree n the natural map 
hocolim —>■ ^{M) is a weak equivalence. Then the natural map 

hocolim J^|deg>n+i hocolim 

is a weak equivalence. 

Proof. This is just |S10[ lemma 4.4], with the following corrections: the statement of 
the lemma in loc. cit. has “hocolim ^ ^{M) is a weak equivalence” rather 

than the correct assumption “hocolim is a weak equivalence” and 

in the proof, one should replace the object Q{M) with colimQ|/>M rather than 
with colimQ|/>M- D 

2. Slices of effective motivic module spectra 

In this section we will describe the slices for modules for a commutative and 
effective ring T-spectrum TZ that satisfies certain additional conditions. We adapt 
the constructions used in describing slices of MGL in |S10| . which go through 
without significant change in this more general setting. 

Let us first recall the definition of the slice tower in S'H{S). We will use 
the standard model category Mot := Mot{S) of symmetric T-spectra over S, 
T := A^/A^ \ {0}, with the motivic model structure as in |J00| . for defining the 
triangulated tensor category SHiS) := HoMof(S'). 

For an integer q, let ^ (S) denote the localizing subcategory of S'H{S) 

generated by Sq := ] p > q,X £ Sm/S”}, that is T3pSTP^^{S) is the 

smallest triangulated subcategory of SH{S) which contains Sq and is closed under 
direct sums and isomorphisms in STLiS). This gives a filtration on S'H{S) by full 
localizing subcategories 

• • • C ^(5) C E^5H"^/(S') C ^{S) C ■ ■ ■ C SU{S). 

The set Sq is a set of compact generators of E^SH(S) and the set U^Sg is 
similarly a set of compact generators for S'H{S). By Neeman’s triangulated version 
of Brown representability theorem |N97j . the inclusion iq : YilpSTP^^ {S) S'H{S) 
has a right adjoint r, : S'H{S) —s- YfipSTP^^[S). We let fq := iq o Vq. The inclusion 
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^ (S) —>■ T3pS'Hf^^^ {S) induces a canonical natural transformation fq+i —>• 
fq. Putting these together forms the slice tower 

(2-1) fq+i /q id. 

For each q there exist triangulated functor Sq : STi^S) —>■ 57^(5') such that for 
every S G 577(5'), Sq{£) G T3pS'H'^^^{S) and there is a canonical and natural 
distinguished triangle 

/g+l(^) fqi^) Sqi^) ^fq+l{£) 


in 577(5). 

Pelaez has given a lifting of the construction of the functors fq to the model 
category level. For this, he starts with the model category Mot and forms for each 
n the right Bousfield localization of Mot with respect to the objects with 

m — n > q and X G Sm/5. Here F^X^ is the shifted T-suspension spectrum, 
that is, T,ft~'^X^ in degree m > n, pt in degree m < n, and with identity bonding 
maps. Calling this Bousfield localization Motq, the functor Vg is given by taking a 
functorial cofibrant replacement in Motq. As the underlying categories are all the 
same, this gives liftings fq of fq to endofunctors on Mot. The technical condition 
on Mot invoked by Pelaez is that of cellularity and right properness, which ensures 
that the right Bousfield localization exists; this follows from the work of Hirschhorn 
[Hir03) . Alternatively, one can use the fact that Mot is a combinatorial right proper 
model category, following work of J. Smith, detailed for example in |B10) . 

The combinatorial property passes to module categories, and so this approach 
will be useful here. The category Mot is a closed symmetric monoidal simplicial 
model category, with cofibrant unit the sphere (symmetric) spectrum S 5 and prod¬ 
uct A. Let 7?. be a commutative monoid in Mot. We have the model category 
C := 72.-Mod of 72-modules, as constructed in [ScShj . The fibrations and weak 
equivalences are the morphisms which are fibrations, resp. weak equivalences, af¬ 
ter applying the forgetful functor to Mot; cofibrations are those maps having the 
left lifting property with respect to trivial fibrations. This makes C into a pointed 
closed symmetric monoidal simplicial model category; C is in addition cofibrantly 
generated and combinatorial. Assuming that 72 is a cofibrant object in Mot, the 
free 72-module functor, £ 72 A 5, gives a left adjoint to the forgetful functor 

and gives rise to a Quillen adjunction. For details as to these facts and a general 
construction of this model category structure on module categories, we refer the 
reader to |ScSh] : another source is |Hov] . especially theorem 1.3, proposition 1.9 
and proposition 1 . 10 . 

The model category 72-Mod inherits right properness from Mot. We may there¬ 
fore form the right Bousfield localization Cg with respect to the free 72-modules 
72 A Yi'f:FnX+ with m — n>q and X G Sm/5, and define the endofunctor on C 
by taking a functorial cofibrant replacement in Cg. By the adjunction, one sees that 
HoCg is equivalent to the localizing subcategory of Ho C (compactly) generated by 
{TZAXfiFnX+ I m — n>q,X G Sm/5}. We denote this localizing subcategory by 
or for <7 = 0. We call an object M oi C effective if the image 

of A4 in Ho C is in Ho , and denote the full subcategory of effective objects of 
C 
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Just as above, Neeman’s results give a right adjoint to the inclusion : 
—>■ C and the composition := o is represented by f]^. One 
recovers the functors fq and fq by taking TZ = Ss- 

Lemma 2.1. Let TZ be a eofibrant eommutative monoid in Mot. The functors 
/f : Hoc —!■ HoC and their liftings f^ have the following properties. 

(1) Each f^ is idempotent, i.e., (/^)^ = f^. 

(2) for n € Z. 

(3) Each f^ commutes with homotopy colimits. 

(4) Suppose that TZ is in S'H^^^{S). Then the forgetful functor U : TioTZ- 
Mod —>■ STi{S) induces an isomorphism U o f^ = fq o U as well as an 
isomorphism U o s^ = Sq o U, for all g G Z. 

Proof. (1) and (2) follow from universal property of triangulated functors f^. In 
case TZ = S 5 , (3) is proved in [SlOl Cor 4.5]; the proof for general TZ is the same. 
For (4), it suffices to prove the result for fq and f^. Take A4 € C. We check 
the universal property of Uf^M M : Since TZ is in {S) and the functor 

— A7^ is compatible with homotopy cohber sequences and direct sums, — ATZ maps 
Tf^STE^^ {S) into itself for each g G Z. As 1/(7^ A C) = 7^ A C, it follows that 
f/(E^Ho7?.-Mod®'^'^) C YEpSTE^^{S) for each g. In particular, U{f^{M)) is in 
YpSTE^^ {S). For p > q, X € Sm/S”, we have 

Hom5„(s)(EPS??A+,C/(/f(A4))) ^ HomHoc(7^ A E??A+,/f (A4)) 

^ HomHoc(7^AE^E^A+,AI) 
-Hom5«(S)(EPE??X+,[7(A4)) 

so the canonical map U{f^{A4)) -A fq{U{M)) is therefore an isomorphism. □ 

From the adjunction Homc(72., A4) = HomMot(Ss, A4) and the fact that §5 is 
a eofibrant object of Mot, we see that 7?. is a eofibrant object of C. Thus C is a 
closed symmetric monoidal simplicial model category with cohbrant unit 1 := TZ 
and monoidal product ® = A-jz. Similarly, T-ji := TZ AT is a. eofibrant object of C. 
Abusing notation, we write Yt{—) for the endofunctor A 1 —> A 0 Tn of C. 

We recall that the category Mot satisfies the monoid axiom of Schwede-Shipley 
[ScShl definition 3.3]; the reader can see for example the proof of |Hoy[ lemma 4.2]. 
Following remark ITAI there is a fibrant replacement 7^ —>■ 1 in C such that 1 is an 
7^-algebra; in particular, 7^ —>■ 1 is a cofibration and a weak equivalence in both C 
and in Mot, and 1 is fibrant in in both C and in Mot. 

For each x G TZ~^‘^’~'^{S), we have the corresponding element x : T^’^ —>• TZ in 
HoC, which we may lift to a morphism x : —>■ 1 in C. Thus, for a collection of 

elements {xi G TZ~^‘^'’~‘^'{S) ] * G /}, we have the associated collection of maps in 
C, {xi : T^‘^' ^ 1 ] i G /} and thereby the quotient object \/{{xi}) in C. Similarly, 
for M an 72.-module, we have the 72.-module M/{{xi]), which is a eofibrant object 
in C. We often write TZ/{{xi]) for l/{{xi}). 

Lemma 2.2. Suppose that TZ is in STE^^ {S). Then for any set 
{x^ G \ i€ I, d,>0} 

of elements of TZ-cohomology, the object TZl{{xi\) is effective. If in addition A4 is 
an TZ-module and is effective, then Xi/{{xi\) is effective. 
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Proof. This follows from lemma 12.11 since is a triangulated functor and is 
closed under homotopy colimits. □ 


Let A be an abelian group and SA the topological sphere spectrum with A- 
coefficients. For a T-spectrum £ let us denote the spectrum £ A (5'aI) hj £ ® A. Of 
course, if A is the free abelian group on a set S, then £ 0 A = . 

Let {xi e \ i G I, di > 0} he a. set of elements of 7^-cohomology, 

with I countable. Suppose that TZ is cofibrant as an object in Mot and is in 
{S). Let M be in and let QM Ml he a cofibrant replacement. By 
lemma [TT51 we have a homotopy cofiber sequence in C, 

horalimPa, 0 QM. —QM —>■ M/{{xi}). 

Clearly hocolimxo T>x ® QM is in hence the above sequence induces 

an isomorphism in Ho C 

s^M^s^{M/{{x,})). 

Composing the canonical map M/{{xi\) —>■ s^{M/{{xi})) with gives the 
canonical map 

'■ -M/iixi}) sJ^M 

in HoC. Applying the forgetful functor gives the canonical map in S'H{S) 

7TM : U{M/{{x,})) ^ Uis]^M) ^ MUM). 

This equal to the canonical map U{M/{{xi})) so(C^(-Ad/({a;z}))) composed with 

the inverse of the isomorphism so(UM) so(t^(A^/({a^i})))- 

Theorem 2.3. LetTZ be a commutative monoid inMot{S), eofibrant as an objeet in 
Mot{S), sueh that TZ is in {S). Let X = {xi G TZ~^‘^'’~‘^' (S) \ i G I,di > 0} 

be a countable set of elements of TZ-cohomology. Let M be anTZ-module inC^^^ and 
suppose that the canonical map : U{M/{{xi\)) s^iUM) is an isomorphism. 
Then for each n > 0, we have a canonical isomorphism in HoC, 

s'^M^^M'^M0Z[XM 

where ZlX]„ is the abelian group of weighted-homogeneous degree n polynomials 
over Z in the variables {xi,i G I}, degXi = di. Moreover, for each n, we have a 
eanonical isomorphism in STi^S), 

SnUM = YffsoUM 0 Z[X]„. 


Proof. Replacing M with a cofibrant model, we may assume that M is cofibrant 
in C; as TZ is cofibrant in Mot, it follows that UM is cofibrant in Mot. 

Since ttm = our assumption on is the same as assuming that is 

an isomorphism in HoC. By construction, 7rj^ extends to a map of distinguished 
triangles 


(hocolimxo T>x) 0 M -^ M 


■M/{{xi}) ■ 


E(hocolimxo Thx) M 


Ea 


Mm -^ M 


slfM 


■ ^Mm, 


and thus the map a is an isomorphism. We note that a is equal to the canonical 
map given by the universal property of MM —> M. 
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We will now identify in terms of the diagram ® M, proving by 

induction on n > 1 that the canonical map hocolimPa;(g)Af |deg>ra —t in HoC 

is an isomorphism. 

As 1° = Xdeg>i, the case n = 1 is settled. Assume the result for n. We claim 
that the diagram 

•fn-\-l. [ 2 ? 3 . 0 Af |deg>n] • Adeg>n ^ C 

satisfies the hypotheses of proposition 11.101 That is, we need to verify that for 
every monomial M of degree n the natural map 

hocolim( 8 > X] ^ ® Al] 

is a weak equivalence in C. This follows by the string of isomorphisms in HoC 
hocolim ® M= hocolim /^;^EyX>deg>i < 8 > M 

= hocolim Ey/^T>deg>i ® M. 

= hocolim T>deg>i ® Ad 

- Z^+iE^Ad 

-Z^+i[^?(M)®A 1 ]. 

Applying proposition 11.101 and our induction hypothesis gives us the string of iso¬ 
morphisms in HoC 

Z^+lA^ = /n^+l/^Ad - Z„^+l h0C0lim[P, ® Al|deg>n] 

^ hocolim Z^i[T> 3 ; O Al|deg>n] = hocolim Z,^JT> 3 , ® Ad|deg>«+i] 

= hocolimPj, ® Al|deg>™+ 1 , 

the last isomorphism following from the fact that Vx{x^) 0 A4 is in eIj^^C®-^-^, 
and hence the canonical map Z^i[^a; ® Ad] —)• (81 Ad is an objectwise weak 

equivalence on Adeg>n+i- 
For the slices s„ we have 

s^M := hocofib(Z,f+iAd ^ Z^Ad) - hocofib(Z^+iZ^Ad ^ f^M) 

= hocofib(hocolimZ,^i[T’deg>n <8 Ad] —?> hocolim I?deg>n <8 Ad) 

^ hocolimhocofib(Z,^jT>deg>n ® Ad] -)■ I?deg>n 8 Ad). 

At a monomial of degree greater than n, the canonical map Z^i[^deg>n 8 Ad] 
2^deg>ri8Ad is a weak equivalence, and at a monomial M of degree n the homotopy 
cofiber is given by 


hocofib(Z^+i[T'(M) (8 Ad] ^ V{M) 0 M) = hocofib((Z;f+JEJAd] -> EJ7W) 

^ hocofib(E?;Zi^Ad -a E?;Ad) ^ 


Let Sq^ be the functor on M i-A- hocofib(Z^A/’ ^ W), and let F„Ad : 

Adeg>n ^ C^^-d be the diagram 



for degM > n 
for degM = n. 


Fn{M) 
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We thus have a weak equivalence of pointwise cofibrant functors 

h0C0fib(^^_l_]^ [2?deg>n ^ .AA] y ^deg>n ^ J^') ^ Fji • ^deg>n ^ 

and therefore a weak equivalence on the homotopy coliinits. As we have the evident 
isomorphism in HoC 

h0C0limF„ ^ ©M,degM=nSrs2^Ad, 

Tcleg>n 

this gives us the desired isomorphism s^M = At 0 Z[A]„ in HoC. Ap¬ 

plying the forgetful functor and using lemma [2d1 gives the isomorphism s„UA4 = 
E^soAAl 0 Z[A]„ in Sn{S). □ 

Corollary 2.4. LetTZ, X and A4 be as in theorem \2.S[ Let Z = {zj G Z[X]gj} he a 
collection of homogeneous elements ofZ[X], and let Xi[Z~^] G C be the localization 
of A4 with respect to the collection of maps xzj : Af —>■ T,rp^^ Al. Then there are 
natural isomorphisms 

s'^M[Z-^] = Zlfs1^M0Z[X][Z-%, 

SnUM[Z-^]^EJfsoUM<^Z[X][Z-%. 

Proof. Each map xzj : A4 —)■ M induces the isomorphism xzj : M[Z~"^] 
M[Z~^] in HoC, with inverse xzj^ : M[Z~^] —^ M[Z~^]. Applying 

gives us the map in HoC 

: f^M ^ /f Af - Af. 

As f^f..M is in E|^®^ HoC®^-^, both f^^.M and f^M are in E^HoC®^-^. 
The composition 

^ E-^^M ^ M[Z-^] 

gives via the universal property of the map Eif^^ /^e^. A1 —?► f'^M[Z~^]. Setting 
\N\ = NjCj^ this extends to give a map of the system of monomial multiplica¬ 
tions 

xz^-^ : E-l^l/J^|^|Af E-l""l/J^|^|Af 

to f'^M[Z~^]] the universal property of the truncation functors /„ and of localiza¬ 
tion shows that this system induces an isomorphism 

= ffM[z-^] 

in HoC. As the slice functors Sq are exact and commute with hocolim, we have a 
similar collection of isomorphisms 

hocolimE-'^'s^+|jv|At ^ SqiM[Z-^]). 

Theorem 12.31 gives us the natural isomorphisms 

^ E^s^Al 0 Z[A],+|^|; 

via this isomorphism, the map xzj goes over to id^^gK^ 0 xzj, which yields the 
result. □ 
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Corollary 2.5. LetTZ, X and M. be as in theorem \2.!A Let Z = {zj € Z[X]ej} be a 
collection of homogeneous elements ofZ[X], and let Xi[Z~^] € C be the localization 
of M with respect to the collection of maps xzj : Xi ^ Let m > 2 be an 

integer. We let M\Z~^\lm := hocofib x m : A41Z~^] —>■ Xi\Z~^\. Then there are 
natural isomorphisms 

s'^M[Z-^]/m ^ YTfs^Mlm ® Z[Xj[Z-%, 

SnV M.\Z~'^\lm = YXfsoU M.j'm® Z[A][Z“^]„. 

This follows directly from corollarv l2.41 noting that and s„ are exact functors. 

Remark 2.6. Let P be a multiplicatively closed subset of Z. We may replace Mot 
with its localization Mot[P~^] with respect to P in theorem 12.31 corollary 12.41 and 
corollary 12.51 and obtain a corresponding description of s^A4 and SnUM. for a 
commutatiye monoid TZ in Mot[P~^] and an effectiye P-module M. 

For P = Z\{p”, n = 1,2,..we write Mot(8)Z(p) for Mot[P~^] and S'H{S)®Z{^p) 
for Ho Mot ®Z(^py 


3. The slice spectral sequence 

The slice tower in S'H{S) giyes us the slice spectral sequence, for £ S S'H{S), 
X G Sm/S', n G Z, 

(3.1) := (s_,(f))P+«'"(A) fP+«’"(A). 

This spectral sequence is not always conyergent, howeyer, we do haye a conyergence 
criterion: 

Lemma 3.1 i [L151 lemma 2.1]). Suppose that S = Speck, k a perfect field. Take 
£ G S'H{S). Suppose that there is a non-decreasing function / : Z —>■ Z with 
lim„_>oo f{ri) = oo, such that iTa+b.bS = 0 for a < f{b). Then the for all Y, and all 
n G Z, the spectral seguence en) is strongly convergent^ 

This yields our first convergence result. For £ G S'H{S), Y G Sm/S", p,q,n G Z, 
define 

HP-<>{Y,7r_,{£)in-q)) := Hom5„(s)(E??y+, EP+«’-s_,(£:)). 

Here is suspension with respect to the sphere 5“’^ = S°'~^ . This notation 

is justified by the case S = Spec k, k a field of characteristic zero. In this case, there 
is for each q a canonically defined object T^q{£) of Voevodsky’s “big” triangulated 
category of motives DM(k), and a canonical isomorphism 

where EMpp : DM{k) -G S'H{k) is the motivic Eilenberg-MacLane functor. The 
adjoint property of EM fp yields the isomorphism 

HP-‘^{Y,nfq{£){n - q)) := Hom£,M(fc)(A^(i^),7r0g(£:)(n - q)[p - q]) 

- Hom5„(s)(E-y+, S^>+«'-s_,(£:)). 
We refer the reader to |PlllIROOSi IVo04| for details. 

^As spectral sequence {Er^} => converges strongly to G* if for each n, the spectral 

sequence filtration F*G^ on G'^ is finite and exhaustive, there is an r{n) such that for all p 
and all r > r(n), all differentials entering and leaving are zero and the resulting maps 

^p,7T p ^ are all isomorphisms. 
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Proposition 3.2. Let TZ he a commutative monoid in Mot{S), cofibrant as an ob¬ 
ject in Mot{S), withTZ inS'W^^{S). Let X := {xi € be a countable 

set of elements of TZ-cohomology, with di > 0. Let P be a multiplicatively closed 
subset ofh and let M he an TZ[P~^]-module, with UXi G STi^Sy^^[P~^]. Suppose 
that the canonical map 

U{M/{{x,})) ^ soUM 
is an isomorphism in S'H{S)[P~^]. Then 

1. The slice spectral sequence for has the following form: 

El’\n) := iJP-«(y,<(At)(n - q)) Z[X]_, ^ 

2. Suppose that S = Spec k, k a perfect field. Suppose further that there is an 

integer a such that = 0 for all Y G Sm/S, all r € Z and all s > a. 

Then the slice spectral sequence converges strongly for all Y G Sm/S”, n G Z. 

Proof. The form of the slice spectral sequence follows directly from theorem 12.31 
extended via remark 12.61 to the P-localized situation. The convergence statement 
follows directly from lemma l3Tl where one uses the function /(r) = r — a. □ 

We may extend the slice spectral sequence to the localizations Ai[Z~^] as in 
corollary 12.41 

Proposition 3.3. Let TZ, X, P and A4 be as in proposition [X2I that assume 
all the hypotheses for (1) in that proposition hold. Let Z = {zj G Z[X]e^} be a 
collection of homogeneous elements o/Z[X], and let A41Z~^] G C be the localization 
of Ai with respect to the collection of maps xzj : M -G M.. Then the slice 
spectral sequence for AA[Z~^]**(Y) has the following form: 

Ey\n) := PP-«(F,<(A4)(n - q)) Z[X][Z-^]_g M[Z-^y+<i’^{Y). 

Suppose further that S = Spec k, k a perfect field, and there is an integer a such 
that = 0 for all Y G Sm/S" all r G ^ and all s > a. Then the slice 

spectral sequence converges strongly for all Y G Srxi/S, n G Z. 

The proof is same as for proposition |321 using corollarv l2.4l to compute the slices 
of A4[Z-i]. 

Remark 3.4. Let P be a commutative monoid in Mot, with TZ G STP^yS). Sup¬ 
pose that there are elements Oi G TZ^f^’f'{S), i = 1,2,..., /^ < 0, so that M is 
the quotient module TZ/{{ai}). Suppose in addition that there is a constant c such 
that = 0 for all Y G Sm/S, r G Z, s > c. Then = 0 for all 

Y G Sm/S, r G Z, s > c. Indeed 

Ai := hocolimP/(oi, 02 ,..., a„) 

n 

so it suffices to handle the case Ai = P/(ai, 02 ,..., a„), for which we may use 
induction in n. Assuming the result for Af := 7?./(ai, 02 ,..., a„_i), we have the 
long exact sequence (/ = /„) 

,, , ^ j^P+2f.q+f^Y) A/P’^Y) AiP’^Y) -G ^fP+^f+Lq+f(Y) ^ . 

Thus the assumption for Af implies the result for A4 and the induction goes through. 
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4. Slices of quotients of MGL 

The slices of a Landweber exact spectrum have been described by Spitzweck in 
m, but a quotient of MGL or a localization of such is often not Landweber exact. 
We will apply the results of the previous section to describe the slices of the motivic 
truncated Brown-Peterson spectra BP{n), effective motivic Morava iL-theory k{n) 
and motivic Morava iL-theory K(n), as well as recovering the known computations 
for the Landweber examples [S12] . such as the Brown-Peterson spectra BP and the 
Johnson-Wilson spectra E(n). 

Let MGLp be the commutative monoid in Mot® representing p-local alge¬ 
braic cobordism, as constructed in |PPRi §2.lj^. As noted in loc. cit., MGLp is a 
cofibrant object of Mot®'Z(^py The motivic BP was first constructed by Vezzosi in 
[VeOl] as a direct summand of MGLp by using Quillen’s idempotent theorem. Here 
we construct BP and BP{n) as quotients of MGLp] the effective Morava A"-theory 
is similarly a quotient of MGLp/p. We consider as well the . Our explicit descrip¬ 
tion of the slices allows us to describe the i 52 -terms of slice spectral sequences for 
BP and BP{n). 

The bigraded coefficient ring 'K^^^MGLp{S) contains 7T2*MU ~ L*, localized at 
p, as a graded subring of the bi-degree (2*, *) part, via the classifying map for the 
formal group law of MGL, split by the appropriate Betti or etale realization map. 
The ring L*p := L* ( 8 )z is isomorphic to polynomial ring [xi,X 2 ,-''] jAQSl 
Part II, theorem 7.1], where the element Xi has degree 2i in degree {2i,i) 

in TT^:^,fMGLp and degree z in L*. 

The following result of Hopkins-Morel-Hoyois |Hoy| is crucial for the application 
of the general results of the previous sections to quotients of MGL and MGLp. 

Theorem 4.1 ( |Hoy[ theorem 7.12]). Let p be a prime integer, S an essentially 
smooth scheme over a field of characteristic prime to p. Then the canonical maps 
MGLp/[{xi : i = 1,2,...}) —>■ s^MGLp H'^{p) are isomorphisms in S'H{S). 
In case S = Spec k, k a perfect field of characteristic prime to p, the inclusion 
L*p C TT 2 *,*MGLp{S) is an equality. 

We define a series of subsets of the set of generators {xi | z = 1,2 ...}, 

Bp = {x^-.i^p'^-l,k> 1 ), 

Bp = {xi : i = p^ - 1, k > 1 }, 

B{n)p = {xi : i p^ - 1,1 < k < n}, 

B{n)p = {xi : i = p^ — 1,1 < k < n}, 
k{n)p = {Xpn_i}. 

We also define 

= {xi : z 7 ^ p” - 1, and xo = p} C {p, Xi \ i = 1,2 ...}. 

Definition 4.2 {BP, BP{n) and E{n)). The Brown-Peterson spectrum BP is 
defined as 

BP ■.= MGLp/{{x, I i&B/}), 


^This gives MGL as a symmetric spectrum, we take the image in the p-localized model struc- 
ture to define MGLp 
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the truncated Brown-Peterson spectrum BP{n) is defined as 
BP{n) := MGLp/{{x, \ i € Bin);}) 
and the Johnson-Wilson spectrum E{n) is the localization 

E{n) ■= 5P(n)[XpJ_J. 

Definition 4.3 (Morava it'-theories k{n) and Kin)). Effective Morava K-theory 
k[n) defined as 

k{n) := MGLp/{{xi \ i e k{n))}) = BP{n)/{xp-i,... ,Xpn-i_i,p). 

Define Morava iiT-theory K{n) as the localization 

K{n) := 

The spectra BP,BP{n), E{n),k{n) and K{n) are MGTp-modules. BP and 
E{n) are Landweber exact. We let C denote the category of MGTp-modules. 

Lemma 4.4. The MGLp-module spectra BP,BP{n) and k{n) are effective. BP 
and Ein) have the structure of oriented weak commutative ring T-spectra in S'H{S). 

Proof. The effectivity of these theories follows from lemma 12.21 and the fact that 
homotopy colimits of effective spectra are effective. The ring structure for BP and 
E{n) follows from the Landweber exactness (see [NSO09]). □ 

We first discuss the effective theories BP, BP{n) and k(n). 

Proposition 4.5. Letp he a prime, k a field with exponential characteristic prime 
to p and S an essentially smooth k-scheme. Then in S'H{S): 

1. The zeroth slices of both BP and BP{n) are isomorphic to p-local motivic 
Eilenberg-MacLane spectrum HX(^p-^, and the zeroth slice of k(n) is isomorphic to 
HZfp. 

2. The quotient maps from MGLp induce isomorphisms 

sqBP cs {sqMGL)p ~ soBP{n) 

and 

sok{n) ~ {soMGL)p/p. 

3. The respective quotient maps from BP, BP{n) and k(n) induce isomorphisms 

BP/{{xi : Xi e Bp}) ~ sqBP 
BP{n)/{{xi : Xi € B{n)p}) ~ soBP{n) 
k{n)/{xpn_i) cs sok{n) 

Proof. By theorem 14.11 the classifying map MGL — TIZ for motivic cohomology 
induces isomorphisms 

MGLp/{{xi :i = l,2,...})^ soMGLp ^ iJZ(p) 

in S'H{S) 0 Z(p). 

Now let iS C N be a subset and 5° its complement. By remark [T75l we have an 
isomorphism 

(MGLp/({x^ : i G S^}))|{{x^ : i G <S}) ^ MGLp|{{x^ : i G N}). 

Also, as Xi is a map Yff'^’'^MGLp —>■ MGLp, i > 0, the quotient map MGLp —>• 
MGLp/{{xi : i G induces an isomorphism 

SoMGLp so[MGLpl{{xi : i G 5'=})]. 
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This gives us isomorphisms 

(MGLp/({x, : i e 5"}))/({x, : z € 5}) ^ so[MGLp/{{x, : i G 5"})] ^ soMGLp 

with the hrst isomorphism induced by the quotient map 

MGLp/{{x, : z G 5^=} ^ iMGLp/i{x, : z G 5'=}))/({a:, : z G 5}). 

Taking S = Bp, B{n)p, {a:pn_i} proves the result for BP, BP{n) and k{n), respec¬ 
tively. □ 


For motivic spectra £ = BP, BP{n), k{n), E[n) and K{n) defined in 14.21 
and 14.31 let us denote the corresponding topological spectra by The graded 

coefficient rings £l°^ of these topological spectra are 


where degz;„ 
MGL^^’^{k). 



Zp[z;i, V2, • • ■] 

£ 

= BP 


Zp[z;i, U2, • • • ,Vn] 

£ 

= BP{n) 

£top _ ^ 

Zp[vi, V 2 ,--- ,v„. 


= E{n) > 


2/pK] 

£ 

= k[n) 


^ Z/p[vn, 

£ 

= K{n) _ 

= 2(p" - 

- 1). The element 

Vn corresponds to the 


G 


Corollary 4.6. Let p be a prime, k a field with exponential characteristic prime 
to p and S an essentially smooth k-scheme. Then in S'H{S), the slices of Brown- 
Peterson, Johnson- Wilson and Morava theories are given by 

I £* 2 ? £ = BP, BP{n) and E{n) 

Eip Hz/p O £l°^ £ = k{n) and K{n) 

where £^d? is degree 2i homogeneous component of coefficient ring of the corre¬ 
sponding topological theory. 

Proof. The statement for BP and BP{n) follows from theorem l2.31 and remark l^Gl 
The case of E{n) follows from corollary 12.41 and the cases of k{n) and K{n) follow 
from corollary [231 D 


Theorem 4.7. Let p be a prime, k a field with exponential characteristic prime to 
p and S an essentially smooth k-scheme. The slice spectral sequence for any of the 
spectra £ = BP, BP{n), k{n), E(n) and K(n) in S'H{S) has the form 

£P’‘^{X, m) = HP-^X, Z{m - q)) 0z £% ^ 

where Z = Ip for £ = BP, BP{n) and E{n), and Z = Z/p for £ = kin) and 
K[n). In case S = Specfc and k is perfect, these spectral sequences are all strongly 
convergent. 

Proof. The form of the slice spectral sequence for £ follows from corollary 14. 6 1 The 
fact that the slice spectral sequences strongly converge for S = Spec A:, k perfect, 
follows from remark [33] and the fact that MGL^'’~^^'^(Y) = 0 for all Y G Sm/S, 
r G Z and s > 1. This in turn follows from the Hopkins-Morel-Hoyois spectral 
sequence 

pP^^n) := iJP-«(y,Z(n - g)) 0 L_, ^ MGL^’+«’”(T) 
which is strongly convergent by |Hoy[ theorem 8.12]. □ 
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5. Modules for oriented theories 

We will use the slice spectral sequence to compute the “geometric part” 
of a quotient spectrum £ = MGLp/({xq.}) in terms of algebraic cobordism, when 
working over a base field k of characteristic zero. As the quotient spectra are 
naturally MGLp-modules but may not have a ring structure, we will need to extend 
the existing theory of oriented Borel-Moore homology and related structures to 
allow for modules over ring-based theories. 

5.1. Oriented Borel-Moore homology. We first discuss the extension of ori¬ 
ented Borel-Moore homology. We use the notation of [LM09) . Let Sch/fc be the 
category of quasi-projective schemes over a field k and let Sch/fc' denote the sub¬ 
category of projective morphisms in Sch/fc. Let Ab* denote the category of graded 
abelian groups, Ab,* the category of bi-graded abelian groups. 

Definition 5.1. Let A be an oriented Borel-Moore homology theory on Sch/fc. 
An oriented A-module B is given by 

(MDl) An additive functor : Sch/fc' — >■ Ab*, X i—^ B^{X). 

(MD2) For each 1. c.i. morphism f : Y A in Sch/fc of relative dimension d, a 
homomorphism of graded groups /* : B^,{X) —>■ +d{Y). 

(MD3) For each pair (A, A) of objects in Sch/fc a bilinear graded pairing 

Ah, (A) 0 B,{Y) B^X Xfe Y) 

U V U X V 

which is associative and unital with respect to the external products in the theory 

A. 

These satisfy the conditions (BMl), (BM2), (PB) and (EH) of |LM091 definition 
5.1.3]. In addition, these satisfy the following modification of (BM3) 

(MBM3) Let / : A' —>■ A and g : Y' ^ Y he morphisms in Sch/fc. If / and 
g are projective, then for u' € A*(A'), v' € B^,(Y'), one has 

(/ X g)^{u' X v') = X g:t{v'). 

If / and g are 1. c. i. morphisms, then for u S Ah,(A), v S B^,{Y), one has 

(/ X g)*(u xv) = /4m) X 54m)- 

Let / : A ^ A' be a morphism of Borel-Moore homology theories, let B be an 
oriented A-module, B' an oriented A'-module. A morphism g : B ^ B' over / is a 
collection of homomorphisms of graded abelian groups gx ■ B^,{X) —i?4A), A € 
Sch/fc such that the gx are compatible with projective push-forward, 1. c. i. pull¬ 
back and external products. 

We do not require the analog of the axiom (CD) of |LM091 definition 5.1.3]; this 
axiom plays a role only in the proof of universality of 12*, whereas the universality 
of n for A-modules follows formally from the universality for D among oriented 
Borel-Moore homology theories (see proposition 15.31 belowL 

Example 5.2. Let A* be a graded module for the Lazard ring L* and let A* 
be an oriented Borel-Moore homology theory. Define A^(A) := A* (A) 0 l. N*- 
Then with push-forward := ff 0 id at, , pull-back /4 := fX ® idAr,, and product 
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u X {v n) := {u X v) (Si n, for u G A,(X), v G A*(F), n G iV*, becomes an 
oriented A module. Sending TV* to A^ gives a functor from graded L*-modules to 
oriented A-modules. 

In case k has characteristic zero, we note that, for A* =17*, we have a canon¬ 
ical isomorphism '■ 17^*(fc) — TV*, as the classifying map L* ^ f7*(fc) is an 
isomorphism [LM091 theorem 1.2.7]. 

Just as for a Borel-Moore homology theory, one can define operations of A*(F) 
on i?*(Z) via a morphism f : Z ^ Y, assuming that Y is in Sm/fc: for a G A^:(Y), 
b G define a fl/ 6 G B^:{Z) by 

a ri/ 6 := (/,idz)*(a x b) 

where (/,idz) : Z —F Z is the (transpose of) the graph embedding. As Y is 
smooth over k, (/, id^) is an 1. c. i. morphism, so the pullback (/, id^)* is defined. 
Similarly, B^,{Y) is an A*(F)-module via 

a Uy b := (5y (a x b). 

These products satisfy the analog of the properties listed in |LM091 §5.1.4, propo¬ 
sition 5.2.1]. 

Proposition 5.3. Let A be an oriented Borel-Moore homology theory on Sch/fc 
and let B be an oriented A-module. Let i9a : 17* —>■ A* be the classifying map. 
There is a unique morphism Oa/b ■ 17^*^^^ —>■ i?* over ^a such that Oa/b^^) ■ 
> B^,(k) is the canonical isomorphism 0 b,( k)- 

Proof. For X G Sch/fc, b G B,:{k) and u G 17*(A), we define 0aib{u Zi b) := 
dAiu) xb G Btf{X Xkk) = Bt,{X). It is easy to check that this defines a morphism 
over dA- Uniqueness follows easily from the fact that the product structure in A 
and 17 is unital. □ 

5.2. Oriented duality theories. Next, we discuss a theory of modules for an 
oriented duality theory (iJ, A). We use the notation and definitions from [LOS] . In 
particular, we have the category SP of smooth pairs over fe, with objects {M,X), 
M G Sm/fe, A C TV/ a closed subset, and where a morphism / : {XI, X) —>■ (TV, F) 
is a morphism / : TV/ —>■ TV in Sm/fc such that f~^{Y) C X. 

Definition 5.4. Let A be a bi-graded oriented ring cohomology theory, in the 
sense of |L081 definition 1.5, remark 1.6]. An oriented A-module B is a bi-graded 
cohomology theory on SP, satisfying the analog of |L081 definition 1.5], that is: for 
each pair of smooth pairs {M,X), {N,Y) there is a bi-graded homomorphism 

X : A*jf{M) Z Bp*{N) -G B*^^y{M Xfc N) 

satisfying 

(1) associativity: (a x 6) x c = a x (5 x c) for a G A*^{M), b G Ay m 
cGB*/(F) 

(2) unit: 1 X a = a. 

(3) Leibniz rule: Given smooth pairs (TV/, X), (TV/, X'), (TV, F) with X C X' we 
have 

dMxN,x'xN,xxN{a X b) = dM,x',x{a) x b 
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for a € \X),be Bp*{N). For a triple {N, Y\ Y) with Y CY' C 

N, a G b G By'\y{N \ Y) we have 

dMxN,MxY',MxYia X b) = ( —l)’"a X dN,Y',Y{b). 

We write aUb G BxnY{M) for S'lj{a xb), aG A*^{M), b G Bp*(M). 

In addition, we assume that the “Thom classes theory” [P091 lemma 3.7.2] arising 
from the orientation on A induces an orientation on B in the following sense: Let 
(M, X) be a smooth pair and let p : if —?> M be a rank r vector bundle on M. Then 
the cup product with the Thom class th{E) G 

B*x*{M) A B;Y^x)iE) B^^+*’^+*{E) 

is an isomorphism. 

Let SP^ be the category with the same objects {M,X) as in SP, and where a 
morphism / : {M,X) —>■ {N,Y) is a projective morphism f : M ^ N such that 
f{X) C Y. One proceeds just as in [L08| to show that the orientation on B gives 
rise to an integration on B, that is, one has for each morphism E : (M, X) (TV, Y) 
in SP' a pushforward map FT : B^{M) —>■ Fy~^'^’*~'^(TV), d = dims, M — dimfc TV, 
defining an integration with supports for B, in the sense of [L081 definition 1.8], with 
the introduction of the bi-grading and the evident change to definition 1 . 8 ( 2 ), in 
that the product /*(— )U is a map from A*£{M) (g) ByiN) to i?ynj^i( 2 )(TV), and 
U is similarly a map from A*£{M) 0 B^{M) to Bxnz{M). One similarly proves 
the analog of |L08[ theorem 1.12], that the integration so constructed is the unique 
integration on B subjected to the orientation induced by the orientation on A. 

Definition 5.5. Let {H,A) be an oriented duality theory, in the sense of [L081 
definition 3.1]. An oriented (TL, A)-module is a pair (J, F), where 
(Dl) J : Sch/A:' —Ab** is a functor 
(D2) B is an oriented A-module, 

(D3) For each open immersion j : U ^ X there is a pullback map j* : J*»(A) 
J«(t/) 

(D4) i. for each smooth pair (TIL, X) and each morphism / : T —>■ TIL in Sch/fc and 
bi-graded cap product map 

r (-)n : Ax{M) 0 H{Y) ^ H{f-\X)) 

ii. For X,Y G Sch/k a bi-graded external product 

X : iL**(A) 0 J^t:{Y) J**(A x Y). 

(D5) For each smooth pair (TIL, A), a graded isomorphism 

Pm,x ■■ J**{X) -> d = dimfc TIL. 

(D 6 ) For each X G Sch/fc and each closed subset F C A, a map 

dx^Y (A\F) ^ J,4F). 

These satisfy the evident analogs of properties (A1)-(A4) of |Ln81 definition 3.1], 
where we make the following changes: Let d = dimfc TVL, e = dimfc N. One replaces 
H with J** throughout (except in (A3)(ii)), and 

• in (Al) one replaces Ay{N), Ax{M) with B'^~*'^~*(N), B'^~*'^~*(M), 

• in (A2) on replaces Ay(A), Ax{M) with B^~*’‘^~*{N), B^~*’‘^~*{M), 
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• in (A3)(i) one replaces Ay{M) with *(-^) and AYf\f-i(^x){^) 

with 

• in (A3)(ii) one replaces Ay{M) with (N) and Axxy{AI x N) 

with X N), H(X) with H^JX), H(Y) with J^JY) 

and HiX X Y) with J„(X x Y). 

• in (A4) one replaces Ax\YiM \ Y) with B‘^^^y’'^~*\ ^)- 

Remark 5.6. Let {H,A) be an oriented duality theory on Sch/fc, for k a held 
admitting resolution of singularities. By |L081 proposition 4.2] there is a unique 
natural transformation 

'dn ■ ^ ^ 2 *,* 

of functors Sch/fc' — )■ Ab* compatible with all the structures available for H 2 *,* 
and, after restriction to Sm/k is just the classifying map il* ^ 2 *,* 
oriented cohomology theory X 1 —>■ A^*’*{X). We refer the reader to [L081 §4] for a 
complete description of the properties satished by •dH- 

Via 'dn and the ring homomorphism pQ : L* —>■ classifying the formal 

group law for fl*, we have the ring homomorphism pn '■ L* If {J^B) 

is an oriented (iL, A)-module, then via the iL 2 *,*(fc)-module structure on J 2 *,*{k), 
Ph makes J 2 *,*{k) a L*-module. We write J* for the L*-module J 2 *,*{k). 

Proposition 5.7. Let k be a field admitting resolution of singularities. Let (H,A) 
be an oriented duality theory and {J,B) an oriented {H, A)-module. There is a 
unique natural transformation dn/j '■ H** J 2 *,* from Sch/k' —>■ Ab* satisfying 

(1) is compatible with pullback maps j* for j : U ^ X an open immersion 
in Sch/fc. 

(2) tdij/j is compatible with fundamental classes. 

(3) tdij/j is compatible with external products. 

(4) ttH/j compatible with the action of 1st Chern class operators. 

(5) Identifying LlB{k) with J 2 *,*{k) via the product map I}^.{k) J 2 *,*{k) —t 

J2*,*{k), "dn/jik) : ni’'{k) J 2 *,* is the identity map. 

Proof. For X € Sch/k, we dehne dn/jiX) by 

dn/ji.u® j) = dniu) x j e J 2 *,*{X Xk Specfc) = J 2 *,*{X), 

for u®j€ := n*(A) J 2 *,*{k). The properties (l)-(5) follow directly 

from the construction. As 12* (A) is generated by push-forwards of fundamental 
classes, the properties (2), (3) and (5) determine Dh/j uniquely. □ 

Remark 5.8. Let fc, (FT, A) and (J, B) be as in proposition 15.71 Suppose that 
J* '■= J 2 *.* has external products Xj and there is a unit element Ij € Jo{k) 
for these external products. Suppose further that these are compatible with the 
external products iF*(A) (g) J*(F) —>• J*(A x^ V), in the sense that 

{h X Ij) Xjb = hxb£ J*(A x^ Y) 

for /i G iF*(A), b G J*{Y), and that 1h x Ij = Ij. Then Dh/j is compatible with 
external products and is unital. This follows directly from our assumptions and the 
identity 


'dH/j{{u(^h) X (u' (g)j')) = '&h{u) X dn/jiu' ®{h x j)). 
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5.3. Modules for oriented ring spectra. We now discuss the oriented duality 
theory and oriented Borel-Moore homology associated to a module spectrum for an 
oriented weak commutative ring T-spectrum. 

Let ph be the two-sided ideal of phantom maps in S'H{S), that is a map f : S ^ 
T that vanishes after pre-composition with a map from a compact object. Let £ 
be a weak commutative ring T-spectrum, that is, there are maps fi : £ A £ ^ £, 
ry : §5 —in S'H{S) that satisfy the axioms for a monoid modulo phantom maps. 
An f-module is similarly an object Af G S'H{S) together with a multiplication map 
p : £ Aj\f ^ £ that makes Af into a unital f-module modulo phantoms. 

Suppose that {£, c) is an oriented weak commutative ring T-spectrum in S'H{k), 
k a held admitting resolution of singularities. We have constructed in [L081 the¬ 
orem 3.4] a bi-graded oriented duality theory (£'^^,£**) by dehning ^(A) := 
where M € Sm/fc is a chosen smooth quasi-projective scheme con¬ 
taining A as a closed subscheme and m = dim^ M. Let M be an f-module. For 
E ^ M a. rank r vector bundle on M € Sm/fc and A C M a closed subscheme, the 
Thom classes for £ give rise to a Thom isomorphism j\/’“(M) — (E). 

Using these Thom isomorphisms, the arguments used to construct the oriented 
duality theory (f'^, f**) go through without change to give Af** the structure of an 
oriented £'**-module, and to dehne an oriented (ff**)-module {Afi^,,Af**), with 
canonical isomorphisms A/]] f,(A) = m = dim^ M, and where the 

cap products are induced by the f-modules structure on Af. 

5.4. Geometrically Landweber exact modules. 

Definition 5.9. Let {£,c) be a weak oriented ring T-spectrum and let Af be an 
£l-module. The geometric part of £** is the (2*, =i=)-part £* := £'^*’* of £**, the 
geometric part of Af is the f*-module Af^*’*, and the geometric part of Af' is 
similarly given by A i-A Afi{X) := A/’ 2 *_*(A). This gives us the Z-graded oriented 
duality theory (£^,£*) and the oriented (f',£l*)-module {Afi,Af*). 

Let {£, c) be a weak oriented ring T-spectrum and let Af be an f-module. By 
proposition 15.71 we have a canonical natural transformation 

^£,-^Afi 

satisfying the compatibilities listed in that proposition. 

We extend the definition of a geometrically Landweber exact weak commutative 
ring T -spectrum (see |L151 definition 3.7]) to the case of an S-module: 

Definition 5.10. Let {£,c) be a weak oriented ring T-spectrum and let Af be 
an f-module. We say that Af is geometrically Landweber exact if for each point 
77 S A € Sm/fc 

i. The structure map Prj '■ rj ^ Specfc induces an isomorphism p* : Af^*'*{k) 
Af^*’*{'n). 

ii. The product map U,, : £^'^{r]) i^) Af^*’* {p) -A Af'^*~^^^*~^^{ri) induces a surjection 
k{p)^ ®Af^*'*ip)^Af^*+^^*+^ip) 

Here we use the canonical natural transformation tg : Gm —t £^’^(—) defined in 
[L151 remark 1.5] to define the map k{p)^ —>■ £^'^{p) needed in (ii). 
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The following result generalizes [L15I theorem 6.2] from oriented weak commu¬ 
tative ring T-spectra to modules: 

Theorem 5.11. Let k be a field of characteristic zero, Af an MGL-module in 
S'H{k), iAfi„,Af**) the associated oriented {MGL'^^,MGL**)-module, and the 
geometric part of Af'. Suppose that Af is geometrically Landweber exact. Then the 
classifying map 

''^MGL',/Af^ : n* ^ Afi 

is an isomorphism. 


Remark 5.12. Let fc be a field of characteristic zero, and let {S,c) be an oriented 
weak commutative ring T-spectrum in S'H{S), and let Af be an S-module. Via 
the classifying map (fs,c '■ MGL Af becomes an MGL-module. In addition, 
the classifying map ’ds' : 12* —>■ L' is induced from ips^c and the classifying map 

idMOL'^/Afi factors through the classifying map Af I as 

'^MGL'JAf^ = ° {T£,c ® 

Thus, theorem 15.111 applies to L-modules for arbitrary (L, c). Moreover, if (£,c) 
is geometrically Landweber exact in the sense of |L151 definition 3.7], the map 
—>• £■' is an isomorphism f [L15[ theorem 6.2]) hence the map is 

an isomorphism as well. 


proof of theorem 15.111 The proof of theorem l5.11l is essentially the same as the proof 
of |L151 theorem 6.2]. Indeed, just as in loc. cit., one constructs a commutative 
diagram (see |L09I (6.4)]) 

(5.1) 


r'A) 


S{X) 


©^eX(,)A:(77)x ^ ^ ^ ^ 


where we write Af* for Afl{k), d is the maximum of dim/; as runs over the 
irreducible components of X, and Af^l^liX) is the colimit of A/"^* *(W^), as W runs 
over closed subschemes of X containing no dimension d generic point of AT. A 
similarly defined colimit of the {W) gives us 1L^**'^^(A). The maps i^(Al) 
and 1 ? are all induced by the classifying map d^GV^lNi ■ The top row is a complex 
and the bottom row is exact; this latter fact follows from the surjectivity assumption 
in definition l5.10l iil. The map d is an isomorphism by part (i) of definition [SHO] and 
is an isomorphism by induction on d. To show that d{X) is an isomorphism, it 
suffices to show that the identity map on (Br)Af^_^.^_i^k{r])^ extends diagram (15.11) 
to a commutative diagram. 

To see this, we note that the map divx is defined by composing the boundary 
map 

d : ©j)GX(,i)A/’2*+i,*(??) -5” A/2l^i(A) 

with the sum of the product maps MGL' 2 j,_i^j__i{ri)®Afl_^j^i{k) —>■ A/" 2 *+i_*(i?) and 
the canonical map tMGLijl) '■ kfq)^ — XIGLf’^fq) = XIG£' 2^,-1 ^d-iiR) (see |L091 
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remark 1.5]). For MGL', we have the similarly defined map 

divMGL : (g)L*_d+i ->• MGL'^ 1 ]^{X), 

after replacing MGL'^_^j^^{k) with L*_d+i via the classifying map L* —> MGL'^{k). 
We have as well the commutative diagram (see |L091 (5.4)]) 

©^eX(,)fc(77)x (g)L,-d+i 

®V(iX^d)k{'nY div mg ^^21]* 

which after applying — Ml gives us the commutative diagram 

(5.2) ©^ex(„fc(77)x ®M.-d+i -fl5^'^(X) 

©^eX(,)/=(??)^ © A/;_d+i^^ MGL'^ll{X) ©l. 

diVMGL 

The Leibniz rule for d gives us the commutative diagram 

(5.3) ©^ex(,)fc(i7)^ © AC_d+i MGL'^1\{X) ©l. K 

u 

©,ex,,,fc(^)" ®K-a+i 

combining diagrams (15.21) and (15.31) yields the desired commutativity. □ 

6. Applications to quotients of MGL 

We return to our discussion of quotients of MGLp and their localizations. We 
select a system of polynomial generators for the hazard ring, L* = 1 j[xi,X 2 , ■ ■ ■], 
deg Xi = i. Let 5 C N, 5° its complement and let Z[5'^] denote the graded polyno¬ 
mial ring on the Xi, i G S‘^, degx^ = i. Let 5o C Z[5‘^] be a collection of homoge¬ 
neous elements, <So = {zj G Z[5'^]e„ }, and let Z[5'^][5[j'^] denote the localization of 
Z[<S°] with respect to .Sq. 

We consider a quotient spectrum MGLp/{S) := MGLp/{{xi \ i G 5}) or an 
integral version MGL/{S) := MGL/{{xi \ i G 5}). We consider as well the 
localizations 

MGLp/{S)[S^^] := MGLp/{S)[{z-^ \ z, G 5o}], 

MGL/{S)[S^^] := MGL/{S)[{z-^ \ z, G 5o}]. 
and the mod p version 

MGL/{S,p)[S^^] := XIGLp/{S)[S^^yp 

Proposition 6.1. Letp be a prime, and let S = Specfc, k a perfeet field with expo¬ 
nential charaeteristic prime to p. Let S be a subset o/N and Sq a set of homogeneous 
elements o/Z[iS°]. Then the speetra MGLp/{S)[S//^] and MGLp/(S,p)[Sffi^] are 
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geometrically Landweber exact. In case charfc = 0, MGL/{S)[Sq is geometrically 

Landweber exact. 

Proof. We discuss the cases MGLp/{S)[Sq^] and MGLp/{S,p)[Sq^]; the case of 
MGL/{S)[Sq^] is exactly the same. 

Let A be a finitely generated abelian group and let rj he a point in some X S 
Sm/fc. Then the motivic cohomology H*{ri,A{*)) satisfies 

A{r)) = A{r + 1)) = 0 

for r 7 ^ 0, 

A(0)) = A, A(l)) = k{ri)^ ®z A. 

We consider the slice spectral sequences 

EP-’^in) := - q)) ^ Z[5=][5o-V, ^ iMGLp/iS)[S^^]r+'^’^iiq) 

and 

EP’\n) := Z/p{n - q)) ® Z[S^][S^^U ^ {MGLp/{S,p)[S^^]r+'^’-ir,) 

given by Droposition l3.3l As in the proof of theorem l4.71 MGL^^°‘''^{g) = 0 for a > 
0 and n € Z, and thus by remark r3.41 the convergence hypotheses in proposition l3.3l 
are satisfied. Thus, these spectral sequences are strongly convergent. As discussed 
in the proof of [L151 proposition 3.8], the only non-zero E 2 term contributing to 
(MGLp/(5)[5q'^])^”’”( 77) or to (MGLp/(5,p)[5(]'^])^”’”(?7) is E^''^{n), the only 
non-zero E 2 term contributing to (MGip/(<S)[5(]'^])^"“^’”(?7) or contributing to 
{MGLp/{S,p)[S^^\Y'^~^''^{ri) is LlJand all differentials entering or leaving 
these terms are zero. 

This gives us isomorphisms 

{MGLp/{S)[S^^]f-’-{l^) - Z(p)[S‘^][S^X 
{MGLp/{SMS^^]f-’-{g) - Z/ipWWS^X 
(MGLp/(5)[5o-i])2-i'"(r;) - Z^p)[S^][S^\ ® 
iMGLp/{S,p)[S^^]r-’-ig) - Z/ip)[S‘^][S^\ ® Hg)- 

from which it easily follows that MGLp/{S)[Sq^] and MGLp/{S,p)[Sq^] are geo¬ 
metrically Landweber exact. □ 

Corollary 6.2. Let S = Spec k, k a field of characteristic zero. Fix a prime p and 
let AT = MGL/{S)[S^^], MGLp/{S)[S^^] or MGLp/{S,p)[S^\ let {Af ,N) he 
the associated {MGL', MGL)-module and Afl the geometric part ofAfl^. Then the 
classifying map 

is an isomorphism of VL^,-modules. 

This follows directly from proposition 16.II As immediate consequence, we have 

Corollary 6.3. Let S = Specfc, k a field of characteristic zero. Fix a prime 
p and let Af = BP, BP{n), E{n), k{n) or K{n), let {Af ,Af) he the associated 
{AIGL', MGL)-module and Afl the geometric part o/V^. Then the classifying 
map 

(fc) ■ ^ A/”* 
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is an isomorphism of fit,-modules. In case Af = BP or E{n), is compatible 

with external products. 

Remark 6.4. Suppose that the theory with supports has products and a unit, 

compatible with its MGL^*'*-module structure. Then by remark lSTHl the classifying 
map 'dj\fi(k) is also compatible with products. 

In the case of a quotient £ of MGL or MGLp by subset {xi : i € 1} ol the 
set of polynomial generators, the vanishing of (k) for s > 0 shows that 

£'^*’*[k) = MGL^*’*{k)/{{xi : i € /}), which has the evident ring structure induced 
by the natural (fc)-module structure. Thus, the rational theory has 

a canonical structure of an oriented Borel-Moore homology theory on Sch/fc; the 

same holds for £ a localization of this type of quotient. The fact that the classifying 

s' (k) 

homomorphism ^ is an isomorphism induces on the structure of 

an oriented Borel-Moore homology theory on Sch/k] it appears to be unknown if 
this arises from a multiplicative structure on the spectrum level. 
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